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Abstract-We have previously obtained explicit equations, which are based on the ideas 
of finite perturbation theory (FPT), for calculating NMR proton-proton coupling con- 
stants. Using this model and the INDO formalism, a simple closed-form expression 
for the coupling constant of the hydrogen molecule is developed. This expression has 
several unique features: it shows that the convergence criteria for the iterative calcu- 
lation is 1x1 < 1, where x = y&Ae; and it allows the H2 coupling constant to be 
expressed directly in terms of the semiempirical parameters, showing specifically how 
each parameter affects the coupling constant. In this way the formalism of semiempir- 
ical SCF theory lends itself to the construction of a model for coupling constants which 
is not purely numerical in nature. An INDO-FPT calculation is developed for the 
hydrogen molecule. As long as parameters are chosen for which 1x1 < 1 the unrestricted 
Hat-tree-Fock (UHF) portion of the FPT calculation behaves properly and the explicit 
and FPT predictions for the coupling constant agree. When (xl > 1, the UHF calcu- 
lation breaks down, the extremum corresponding to symmetrical molecular orbit& no 
longer being the minimum. 
I. INTRODUCTION TO FINITE PERTURBATION THEORY 
For protons the contact portion of the magnetic Hamiltonian 
(1) 
is considered to be the most important, accounting for the largest part of the coupling. 
Considering the contact Hamiltonian only, Pople, McIver, and Ostland [ll showed 
that the coupling constant is given by 
JAB = & $@ YAYB~ &%‘.d~s d7 b-4 9 
2-s 1 b=+ 
where p is the Bohr magneton, y is the nuclear magnetogyric ratio, $J 
orbitals, and p is the magnetic moment of a nucleus. 
(2) 
are the atomic 
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Finite perturbation theory (FPT) [1,21 treats NMR coupling constants by calculating 
the derivative in Eq. (2). This is accomplished using an unrestricted Hat-tree-Fock (UHF) 
calculation, where the (Y and p electrons have distinct spatial orbitals. The net spin density 
is then the difference between the OL and /3 density matrices: 
P SDiO = p” _ p@ (3) 
In this formalism the Fock matrix elements are 
where H,, is the core Hamiltonian, H A,, is the modification due to the perturbation, and 
P mn = P”,, + PC,. 
FPT is most commonly applied in the INDO [2] formalism, in which case HA, is zero 
unless m=n= 1s valence orbital on atom B. Therefore 
(5) 
I d+*(rd&s d7 = Si (0), if c#+ = 4 = 1s valence 
orbital of atom B (6) 
= 0 otherwise. 
Thus, implementation of the perturbation merely involves addition and subtraction of ha 
to the standard expressions for F$,, and F!,,, respectively. In practice, the calculation 
involves choosing a value for hB (0.001 is commonly used [ll) and the derivative is 
evaluated using finite differences: 
(7) 
Even though it may lead to no direct improvement in numerical results, there is some 
considerable advantage in a formulation of the method which explicitly displays the re- 
sults as a function of the molecular parameters and in turn relates, so far as possible, to 
experimental quantities. The explicit form one obtains [3,41 is 
I 
J AB = * yA~Bfi(o) &$(0)x “‘,ay ’ , 
oi 
where 
(n+1) 
hti = 
(8) 
(9) 
(0) 
hf = CAaCAI . (10) 
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The indices a and b are sums over the occupied molecular orbitals, while i and j are 
over the virtual molecular orbit&, and 
&,i = E, - E{ . (11) 
II. CLOSED FORM FOR Jm of Hz. 
Using the explicit form to evaluate the coupling constant of the hydrogen molecule 
provides results which are particularly illuminating. In the semiempirical formalism the 
hydrogen molecule has one occupied orbital a and one virtual orbital i. This allows Eq. 
(9) to be written out in the form, 
(0) 
hi = CAaCAi 
(1) (0) (0) 
hti = hii -hti x 
(2) (0) (0) (0) 
h A, = hti - hti x+hti x9 
hz (0) = hli (1 _ x + x’ - x3 + x4 - --) 
with 
x _(UUlii) i-(Uild) YHH 
AE =x’ 
The infinite sum in Eq. (12) will converge as long as 1x1 < 1 in which case 
h$).-hR)L 
Or 1+x’ 
Using S:(O) = 0.3724 [l] and evaluating the numerical constant gives 
JAB = -105.04 
1 
-HZ, 
AE+YHH 
where Ar is in atomic units. 
(12) 
(13) 
(14) 
05) 
III. PARAMETERIZATION AND J,,B 
At the experimental internuclear distance of 1.4 A an INDO calculation gives he = 
-0.5742 and ‘)‘HH = 0.75, resulting in JAB = -597.5 Hz, while the experimental value is 
+280 Hz. With these parameters, not even the predicted sign is correct. The reason for 
this is clear when the value of x is checked, i.e., 1x1 = 1.31. 
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Combining the parameterization philosophies of CNDO/l and INDO leads to a set 
of parameters which is more satisfactory. INDO uses the theoretical value for YHH, which 
is too large. A semiempirical choice, which is better, can be made. The INDO prescrip- 
tion is 
d(l+Ah = uss + IYHH 9 (16) 
where I is the ionization potential, A the electron affinity, and U, the core integral. In 
INDO, U, is determined by the theoretical value of YHH. In CNDO/l the relation 
v,, = -I, (17) 
is used. Combining Eqs. (16) and (17) allows a semiempirical choice for YHH, namely 
YHH = U-A),. (18) 
With this relation and the trace relationship, one may obtain 
Ac + y,.,H = 2(E+1,) . (19) 
If Koopmans’ theorem is used, then 
1 
JAB = 1osd4 2(1(&) - I(H)) Hz ’ (20) 
The experimental values I(Hs) = 15.42 eV [5] and I(H) * 13.527 eV 161 give JAB = 754.9 
Hz which is at least the correct sign. Certainly this approximation of 2(Z(Hz) - I(H) ) 
= 3.79 eV for the lowest triplet energy is poor, the experimental value being 11.752 eV 
171. When the correct triplet energy is used, the more reasonable value, JAB = 243.2 HZ, 
is obtained. 
These results show the model is on the right track but parameters are a problem. An 
analysis of the UHF-FPT calculation leads to an understanding of the failure of the 
standard INDO parameters. 
IV. DEVELOPMENT OF THE UHF-FPT CALCULATION 
This problem may be written as a function of one variable where the LCAO coeffi- 
cients are given by 
C” = ;;; 
( 
_;:; 
1 
allowing the density matrix elements to 
C@ =: ge ( c0se ) -sine (21) 
be written as 
a P a+p 
PA.4 cosze sir&l 1 
P AB cod sine cose sin@ 2 cosf3 sine 
PBS sin9 cos9 I 
(22) 
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In the INDO approximation this problem will have three types of nonzero integrals: 
(AAlAN = YAA =YHH 
(BBIBB) = ?A.4 
(A@@ = ~/AS. 
The Fock matrix elements are 
F” AA = HAA •t YAA Sh?@ i- ‘)‘AB 
F” Al? = HAB - y,,B c0.d sin6 
GB = HAA + YAA CO?6 + YAB + h, 
FZA = HAA •t YAA CO?8 + YAB 
FABB = HAB - TAB cod sine 
FIB = HAA •t YAA Sk?@ + ~/AB - h, 
and the general expression for the electronic energy 
E=x (P&Fs+PkFA) 
PQ 
simplifies to 
E = A sin*c#~ + B sin4 + C - hB cosd , 
where 
A = (YAA-YAB) 
B = 2ffA~ 
C = ~HAA + YAB 
4 = 28 
(23) 
(24) 
(25) 
(27) 
(28) 
In order to find the minimum value for E one solves 
aE 
- = 0 = A sin24 + B COSC#J + hB sin+ = 0 . 
a+ 
(29) 
A commonly used technique is the Newton-Raphson method [8]. There is no guarantee 
that the Newton-Raphson will converge. When it does converge C#J will be a solution to 
Eq. (29), but, it may be a maximum or a minimum. Evaluation of the second derivative 
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will indicate whether or not a solution is a maximum or a minimum. The iterative form 
the Newton-Raphson iteration takes is 
1 (30) 4?l*1= 4n - 
hB sin& - A sin24, 
B 
1+ 
h, co@,, + 2A COST,, 
J 
l _ (-h, sin& - A sin2+,# 
B 
If the Newton-Raphson fails to converge or finds a maximum, a direct search using the 
Fibonacci algorithm [93 may be used to locate 4tin. 
Once 4min has been determined, the coupling constant may be evaluated. The FPT 
derivative expression is 
Jf& = 105.04? Hz. 
B 
(311 
Now that 4 is allowed to take on values other than 90” the expression for x must be 
written in its complete form. If we define 
X' = sir@2, 
the explicit expression for the coupling constant is 
J& = -105.04 
1 
he+ y,,., sin24 
Hz. 
(32) 
(33) 
Since the numerical constants are the same except for the sign, it is convenient to define 
a “reduced” coupling constant 
J; = 
-1 
Ae+yAa sin24 (351 
The semiempirical parameters in this calculation are HAA, Has, yAA, and yAB. X, x’, 
and J may be expressed in terms of these parameters and the variable 4: 
AE = B - yAB sin4 (361 
YAA 
x = B-y,, sin4 
,(37) 
x’ = x sin*+ (38) 
J$ = 
-1 
B-yAB sin4 + y,,,, sin24 ’ 
(391 
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It is clear from Eqs. (29), (37), (38), and (39) that HAA has no effect on JM, x, x’, or 4 
and thus serves only to adjust the value of E. 
Table I. , 
Parameter Min Average Max 
HAB -0.3617 -0.2330 -0.1042 
YAI 0.4325 0.5913 0.7500 
YAB 0.2016 0.2838 0.3659 
Systematically varying HM, yAA, and yAB will serve a twofold purpose: it will show 
whether this method is capable of predicting the experimental value of JAB and give some 
indication of what occurs whenever 1 xl > 1 o Estimates of “reasonable” ranges over which 
to vary these parameters can be made using various semiempirical relationships. Our 
estimates are given in Table 1. The experimental value for the coupling constant requires 
a set of parameters which gives JR - F 2.666 and Jf = -2.666. From the possible com- 
binations the two best sets of parameters are given in Table 2. This provides a good 
estimate for JAB within this “reasonable” range of parameters. 
Table 2. 
-0.2330 0.4325 0.3659 0.5199 89.86 2.504 -2.504 
-0.3617 0.7500 0.3659 0.6885 89.83 2.947 -2.947 
The other parameter, HAA, may be related to the occupied orbital energy via Koop- 
mans’ theorem 
E = HAA = *(YAA+YAB) + HAB = -4Hd w 
or to the total electronic energy 
E = ~(YAA-YAB) + ~HAA + AHAB + YAB. (41) 
V. IMPORTANCE OF 1x1. 
With the proper choice of parameters this model behaves well and is capable of making 
predictions which are in good agreement with experiment. A simple test for determining 
th acceptability of the parameters H A& yAA, and yAB, namely 1x1 arose IEttUr~iy in the 
development of the explicit expression for the coupling constant. As long as 1x1 < 1, JE; 
and Ji are in agreement. This is shown graphically in Fig. 1, where 11 Jgl-_IJ# II vs 1x1 
is plotted. The point immediately to the left of 1.0 is x = 0.902 for which F(x) = 100.51. 
The reasons for this behavior will be clear from the following analysis. 
The magnitude of x can be used as a general test, indicating the success or failure of 
the UHF-FPT calculation. Its effect on the FPT energy map is shown in Fig. 2 where 
E vs r$ is plotted for four different values of 1x1 with a constant HAA = - 1.0046. The 
summary is shown in Table 3. 
At this point we should note the effect of hs on the calculation. This was studied by 
choosing a set of parameters for which 1x1 < 1 and then varying hs between 1r5 and 1.0 
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Fig. 1. 
in powers of 10. Emin, J{, and J$ were all consistent for the range lO_’ to 1W3. At lO_* 
the solutions began to break down and for all larger values were completely distorted. 
The optimum value for hB is found to be 1C3 111. This value is small enough so as not 
to distort the solution yet large enough to help minimize numerical error. All the calcu- 
lations reported in this work used hs = 1(r3. 
When he = 0, Eq. (29) can be solved explicitly. Then an analysis of the UHF case is 
much simpler. Since hB is very small, the differences between the UHF and FPT results 
are minimal, as can be seen in the data for Fig. 2. The picture resulting from the simple 
analysis may also be applied to the FPT case. 
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Table 3. Summary of data for the plots in Fig. 2. 
HAB Y.4.4 YAB l-4 @xi 4 k%= 
-0.2330 0.7500 0.3659 0.9020 89.30 90.00 
-0.2330 0.7500 0.2838 1.010 80.61 88.32 
-0.1042 0.5913 0.2838 1.410 42.90 42.67 
-0.1042 0.7500 0.2838 2.220 27.00 26.55 
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Setting hr, = 0 reduces (aEli34) to 
cos4(2A sin4 + B) = 0 , (42) 
which has two possible solutions 
(43) 
It turns out that 1 XI may be used to indicate which of these solutions are valid. If -B 12A 
< 1, then 4 = 90” is the only possible solution. The expression for 1x1 is 
because -B > 2A = (yAA - YAB). A second solution would require -B < 2A. In this 
case the expression for 1x1 is 
Iwk4l 1 WOYAAI 
1’ = l B(2A+yAB)( ’ )ByAAI = ’ ’ (45) 
Accordingly whenever 1x1 > 1 there are two solutions: 
+=90”and+=sin-’ fi . ( 1 
Evaluation of (CPE/&$*) provides a means to determine whether a solution is a maxi- 
mum or a minimum. The expression for the second derivative is 
aZE -= 
a42 
2A cos2+ - B sin+ . (47) 
Whenever 1x1 < 1, the only solution is 4 = 90” which gives 
e= -2A B>O 
ad? - . (48) 
When I xl > 1, the inequalities are reversed making the solution at 90“ a local maximum. 
The other solution is $J = sin-’ (B/2A) in which case 
a*E 
-= 
a42 
(2A+B) (2A-B) > o 
2A 
, (49) 
so this solution will be the minimum. 
The standard INDO parameters are HAA = - 1.0046, HAB = -0.1042, Y,,A = 0.7500, 
and EBB = 0.3659 giving a UHF minimum at 32.8586” (E = - 1.6998) and a local maximum 
at 4 = 90” (B = - 1.6597, the exact value that the INDO computer program gives). At 
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the minimum the coefficients are 
0.9592 
(y = (50) 
0.2828 
and the Fock matrix elements are 
-0.5787 
F” = 
-0.2035 
-;:;=;) , F8 = ( _;:;;;: +:;;;) (51) 
giving a result which lacks the proper symmetry. 
The UHF-INDO computer program [23 will always give the symmetric result because 
the initial approximation to the Fock matrix sets F A4JB = F&f. This is analogous to using 
4 = 90” as the starting point for the Newton-Raphson iteration. 
Another peculiarity of this breakdown occurs in the coupling constant calculation. As 
just pointed out the regular FPT calculation will always generate a solution which is close 
to 90”. When Ji and J$ are computed using this solution they are in good agreement. At 
a solution point, Eq. (29) is valid so that 
hB = - 
A sin2+ + B co& 
sin+ * (52) 
Substituting this result into the expression for Ji gives 
J; = 
-sin+ 
B-YAB sin+ + yAA sin4 . 
(53) 
When 4 = 90“, this is identical to the expression for A IEq. (33)l. Thus, when 4 is close 
to 90” the agreement between Ji and Js will be very good. 
The explicit expression will always be valid when evaluated at &,,,,. Since x’ = x(sir?+) 
when t$ is close to 90” (i.e., 1x1 C 1) then lx’1 < 1. When 1x1 > 1, sin& = (-B/2A), so that 
x’= 
B 
---Il. 
2A 
It would take a particularly bad choice of parameters for the inequality not to hold. 
CONCLUSION 
In its normal matrix diagonalization form the UHF-FPT treatment of the hydrogen 
molecule provides only one point on the energy map and the solution at that point reflects 
the proper symmetry making a breakdown impossible to detect. The absolute value of 
x proved to be a convenient indicator of the breakdown. Although there is no direct ana- 
log of x for larger molecules, the iterative procedure will signal a breakdown by diverg- 
ing [33. 
Computationally this calculation is less efficient than FPT [ IO,1 I] because evaluation 
of the ( abl$ is a time consuming process, but it does have the redeeming features of 
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signalling bad parameters and of giving insight into the workings of an otherwise numer- 
ically oriented analysis. 
A very interesting case is the heteronuclear molecule X-Y, which can serve as the 
basis for a model for the contact coupling between different types of directly bonded 
nuclei. Due to the lack of symmetry, there are two variables in this problem requiring a 
coupled solution which does not have quite the simple form of the hydrogen molecule 
[121. Work on this problem is continuing. 
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